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Abstract—We show that network coding allows to realize by routing protocols; more recently, it has been described

significant energy savings in a wireless ad-hoc network, when as a key mechanism for application layer communication in
each node of the network is a source that wants to transmit intermittently connected ad-hoc networks [3].

information to all other nodes. Energy efficiency directly affects . . . .
battery life and thus is a critical design parameter for wire- Energy efficiency directly affects battery life and thus is

less ad-hoc networks. We propose an imp|emen’[ab|e method & critical deSign parameter for wireless ad-hoc networks.
for performing network coding in such a setting. We analyze Optimizing broadcasting for energy efficiency has been ex-
theoretical cases in detail, and use the insights gained to proposetensively studied during the last decade. Since floodingltes

a practical, fully distributed method for realistic wireless ad- in a prohibitively large overhead [4], a substantial number
hoc scenarios. We address practical issues such as setting the ’

forwarding factor, managing generations, impact of transmission more_ _ef'fIC|ent algorithms have bgen propose_zd. The problem
range and mobility. We use theoretical analysis and packet level Of minimum energy broadcasting in ad-hoc wireless networks
simulation. is NP-complete [5] and a large number of approximation
algorithms exist. Usually, these are either based on pitiab
l. INTRODUCTION tic algorithms (see for example [4], [6], [7]) where packets
Network coding is an area that has emerged in 2000 [Hre only forwarded with a certain probability, or some form
[2], and has since then attracted an increasing interest, Ghstopology control (e.g., [8], [9], [10]) to form connected
it promises to have a significant impact in both the theog§ominating sets of forwarding nodes.
and practice of networks. We can broadly define network The new ingredient in this problem is that we can apply
coding as allowing intermediate nodes in a network to nifteas from the area of network coding. Use of network
only forward but also process the incoming information flowgoding has been examined in the literature in conjunction
Combining independent information flows allows to bette¥ith multicasting, when a single source transmits common
tailor the information flow to the network environment andnformation to a subset of the nodes of the network. If wevallo
accommodate the demands of specific traffic patterns. intermediate nodes to code, the problem of minimizing the
The first paradigm that illustrated the usefulness of netwognergy per bit when multicasting can be formulated as afinea
coding established throughput benefits when multicastireg o Program and thus accepts a polynomial-time solution [15]. A
error-free links. Today, we have realized that we can galternative formulation is presented in [12], where a disted
benefits not only in terms of throughput, but also in term@lgorithm to select the minimum-energy multicast tree is
of complexity, scalability, and security. These benefite aproposed. Broadcasting information from a single sourcalto
possib|e not on|y in the case of mu|ticasting7 but also fcﬂOdeS in the network is a Special case of muIticasting ansl thu
other network traffic configurations, such as multiple usicathe same results apply. The problem we examine in this paper
communications. Moreover, they are not restricted to drew is further distinct in that all nodes of the network are saesic
communication networks, but can also be applied to senddft for convenience we again simply refer to this problem as
networks, peer-to-peer systems, and optical networks. broadcasting. In [13] we quantified the energy savings that
In this paper we show that use of network coding allowgetwork coding has the potential to offer when broadcasting
to realize significant energy savings when broadcasting ilhad-hoc wireless networks. The analysis was over canbnica
wireless ad-hoc networks. By broadcasting we refer to t§@nfigurations, and assuming perfect centralized prosocol
problem where each node is a source that wants to transMYi¢ also presented preliminary simulation results over eamd
information to all other nodes. Such one-to-all communidzat Networks.
is traditionally used during discovery phases, for example We examine different aspects of the proposed system in
detail, that are related to and motivated by practical carsi
LPart of this work was done whileddg Widmer was with EPFL. ations. The emphasis of the paper is both in understanding
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the theoretically expected performance, and in developiegn be equivalently viewed as maximizing the throughput
algorithms using the insights gained. In particular, when broadcasting. Thus our results can also be interpreted
e We theoretically examine benefits in terms of energy effas bounding the throughput benefits that network coding can
ciency that use of network coding can bring to this problewffer, for our particular traffic and network environment.
without idealized centralized scheduling, that is, when we  Let zq,...z, denote the source symbols associated with
restrict our attention to distributed algorithms. Basedthis the n nodes. These symbdlgre over a finite fieldF,. Each
analysis, we propose distributed algorithms that are tunedlinear combinatiory over F, that a node transmits or receives,
random networks. can be described as the product of a vector of coefficients and
e We evaluate possible tradeoffs of parameters that arise i &ector of source symbols

practical systems such as the effect of the transmissiogeran

and the effect of mobility. 1
e We also develop distributed algorithms that can be deployed y=oax=l|al...ap T2 (1)
in real networks; we address fundamental consideratiocis su

':Z:TL

as the choice of a forwarding factor, and other practical
considerations such as restricted complexity and memarythe network coding literature, the-dimensional vector of
capabilities, and limited generation sizes. coefficients is referred to as a coding vector. Following the
We evaluate fundamental tradeoffs and the performancerof @ipproach in [14] we assume that packets (coded symbols) are
algorithms both on systematic networks (circular netwarll a always sent together with the corresponding coding vectors
square grid, where we can find exact results) and on randomin the following it will be convenient to think in terms of
realistic networks (where we obtain simulation results).  vector spaces, and say that a node has received a vector space

The paper is organized as follows. Section Il formally introspanned byn coding vectors, when the node has received the
duces the problem formulation and reviews previous theoref, corresponding linear combinations of the source symbols.
cal results. In Section Il we present our proposed distélu Each nodev stores its source symbol and the information
algorithms. Section 1V discusses the effect of changing thectors it receives, in a decoding matrix,, that contains
transmission range. Section V examines the effect of nogit: tuples of the coding vectors and the received informatio
mobility. Section VI develops algorithms for constrainemhe symbols. The matrix of a sourcg that has not yet received
plexity and memory requirements, and Section VII conclud@sformation from any other node contains only a single row
the paper. (e;, x;). A received packet is said to be innovative if its vector
increases the rank of the matrix. Reception of non-innegati
packets is simply ignored.

In this section we first formally introduce the problem |n the case of network coding, a nodewill in general
formulation and notation. We then briefly review known r%mtransmit a linear combination that lies in the vector space
that are related to our approach, and discuss how our w@K jts decoding matrixG,. We can think of flooding or
is placed in this framework. We also describe the SimUlatiQﬂ()babnistiC routing (i_e_, without the use of network (mm
environment that we will use to evaluate our algorithms.  as constraining the coding vectors to belong in the set of the

orthonormal basis elements

Il. BACKGROUND MATERIAL

A. Problem Formulation

Consider a wireless ad hoc network withnodes, where €1 =[100...0],e2=[010...0],...,e,=10...01].

each node is a source that wants to transmit information

all other nodes. We are interested in the minimum amount t%gs in this %asf” IS a ;u;)dTatrlxl Of. tge |de3t|tyt matn;_.
energy required to transmit one unit of information from a nce a node has receivedinearly independent combina-
source to all receivers. tions, or equivalently, a basis of thedimensional space, the

We assume that each nodecan successfully broadcastnOde is able to decode and retrieve the information ofrthe
one unit of information to all neighbord (v) within a given sources. In the case of network coding, decoding amounts to

e h h physical | N solving a system of linear equations, with complexity boeohd
transmission range, through physical layer broadcast. e & O(n?). In the case of probabilistic routing no decoding is

assume that the transmission range is the same for all nodes:” !
S : . Ll Tequired.
Thus, minimizing the energy is equivalent to m|n|m|2|nd

the number of transmissions required to convey a unit gf

information from a source to all receivers. . )
More precisely, lefl},. denote the total number of transmis- In [13] we evaluated the theoretical energy requirements fo

sions required to broadcast one information unit to all sog@roadcasting with and without network coding, over canahic
when we use network coding. Similarly, 16t, denote the networks, and assuming perfect centralized schedulingeMo
required number of transmissions when we do not use netwdigcisely, we characterized the optimal performance we may

coding. We are interested in calculatirg:. e .
Note that th bl f l'ut. S th Equivalently, we can think of1, ...z, as packets of symbols, and apply
ote tha € same problem rormulation, mMiNIMIzing N, e4cn packet the operations symbol-wise. In the followiegwill talk about

number of channel uses (transmissions) per informatiot) ursymbols and packets interchangeably.

Previous Results



hope to get over these canonical configurations with angtra\s is well known, random networks tend asymptotically (in
mission scheme, showed that it can be achieved using netwtirk number of nodes) to behave like square grid networks.
coding, and also evaluated what fraction of this optimaligal We underline that the benefits calculated here refer to an
we can achieve using forwarding. For completeness we brieitiealized case, where perfect centralized scheduling abdke
review these results here. transmissions is possible. As we will see in the following-se

1. Circular Network: In the circular network: nodes are tions, in more realistic environments, network coding \atio
placed at equal distances around a circle as depicted irlFigto realize significantly larger gains when we constrain both

flooding and coding to operate in a distributed manner.

C. Description of the Smulator

Throughout this paper we will verify our theoretical anadys
through simulation results over random topologies. Unless
explicitly stated otherwise, the simulation environmernitl w
be as described in the following.

Nodes have a nominal transmission range ef 250m and
are placed on a torus to avoid edge effects. Transmissi@ns ar
received by all the nodes within transmission range. We use
a custom, time-based network simulator. A packet (symbol)
transmission takes exactly one time unit. We assume that a

Assume that each node can successfully broadcast inforfi@de can either send or receive one packet at a time. The
tion to its two nearest neighbors. For example, in Fig. 1eod MAC layer is an idealized version of IEEE 802.11 with perfect
can successfully broadcast information to nodeand 8. In  collision avoidance. At each time unit, a schedule is ceate

Fig. 1. A circular configuration witt8 nodes.

[13] it was shown that by randomly picking a node and scheduling its transmission
1) without network codingl,, > (n — 1) (1 + €) if all of its neighbors are idle. This is repeated until no mor
2) with network coding’, § n—1 (1+e) nodes are eligible to transmit.

nc — 2 1

where lim,, ... ¢ — 0. It was also shown that there exist To allow an t'e fficient |mt;:r)1lerr]:§ r?ttatlfc? nIHof netw:)hrkt COdlug’
routing and coding schemes that achieve the lower bound, g Use operations over the finite Tiek,s, so that eac

thus symbol of the finite field can be stored in a byte. Addition
Tre 1 5 and multiplication operations over this finite field can be
T, 2 @ implemented usingcor and two lookup tables of size 255

2. Square Grid Network: In this case we consider a wireles®Ytes [15]. The encoding vectors are transported in thegiack
ad-hoc network withn = m? nodes where the nodes ard'€@der as suggested in [14]. We use randomized network
placed on the vertices of a rectangular grid. To avoid ed§€ding, i-e., combine the received vectors uniformly atm
effects, we will also assume that the area of the grid eneslog© create the vector to transmit.
the surface of a torus. As performance metrics we mainly use Packet Delivery
Ratio (PDR) and decoding delay. The PDR is defined as the
number of packets that can lecoded at the destination.
For probabilistic routing, this is equal to the number of
received innovative packets, whereas with network codiog,
all innovative packets can necessarily be decoded. Sigilar
delay is counted as the average time between the transmissio
of a packet by the original source and successful decoding
at a node, where averaging is across receiver nodes. For
some simulations we also investigate total network energy
consumption, which is measured as the sum of transmit power

Fig. 2. A rectangular grid configuration. The node numberirgresses the x trapsmlsglon time for all transmissions over the duratibn o
fact that the grid envelopes a torus. the simulation.

In [13] it was shown that, if each node can successfully [1l. DISTRIBUTED ALGORITHMS

broadcast information to its four nearest neighbors then In this section we are interested in developing distributed

1 H ’n,2
1) without network codingl, > p(l+e) algorithms that are well suited for random topologies. To
2) with network codingl’,. > “-(1 + €), this goal, we first prove that there exists a simple distetut
wherelim,, ., ¢ — 0 and that there exist schemes that achiexsgorithm that uses network coding and allows to achieve the

the lower bounds fof’, and7},.. Thus optimal performance over the square grid network. We then
The 3 tune this algorithm to perform well in a random topology, and
T — @) verify through simulation that we obtain the expected besefi



As discussed in Section I, in [13] we proved that theree., |V}/| < my = 4k + 1. Thus the theorem directly implies
exists a network coding scheme that achieligs= %2(1+e), that |[V!| = my, = 4k + 1.
i.e., the minimum possible number of transmissions. This For the proof of this theorem, we will use two results, that
scheme operates initerations, where in each iteration everywe describe in Lemmas 1 and 2.
node collects the information from sources that are at anLemma 1. Any setA of nodes in the grid,with +[A| < n,
increased distance from it. Since the number of neighbdigs at least four distinct neighbors.
depends on the distance, the number of transmissions per Proof: The proof uses the fact that the vertex min-cut
node at each iteration is different. The associated schegulbetween any two nodes in a square grid is four. Bebe the
algorithm tends to be involved, since it changes with eadet of nodes in the grid that are notih From assumptior3
time iteration, and thus might be challenging to implement icontains at least four nodes. If all the nodegirare neighbors
a practical system. of nodes inA we are done. Assume that there exist a nbde
In the following we will show that there exists a muchn B that is not a neighbor of any node i. Let a be any
simpler scheduling that still allows us to achieve the optimnode inA. Connecta andb through four vertex disjoint paths.

benefits in terms of energy efficiency. The algorithm operat®n each such path there exists a distinct neighbod.of ®
in iterations as follows. The second result we will need, was originally used in the

Algorithm 1: framework of network coding in [16]. Here we write this retsul
« lteration1: Each node broadcasts the information symbdi & form that is convenient for the proof of our theorem.
it produces to its four closest neighbors. Lemma 2 Consider a family of n x n matrices

« lterationk: Each node transmits a linear combination o‘fll’ Az, ... Ap that are parameterlzed_ by Coefflc!ents
the source symbols that belongs in the span of the codiﬂ{]1 p2, ... pi. Assume that, for each matrid;, there exist

vectors that the node has received in previous iteratiof&!UeSP1, P2, ... py over a field,, such that the determinant
of A; over F,, is non zero, i.e.det(A;) # 0. Then, there

A. Theoretical Analysis exists a finite field7,;, and there exist values itF, for

Let m;, denote the number of linear independent combin&?: P2: - -- P such thatdet(A,) # 0 and det(Az) # 0 ...
tions that node has received at the end of iteratibnand let anddet(An) # 0.

V;i be the vector space spanned by the corresponding codff®j €xample, ;f
vectors. That isyny, = |V{|. Moreover, if A is a set of nodes, 4. _ [ p p(1—p) ] and Ao — { 1 p ] ©)
. 1 2 ) 2 ;
denote byV,* the union of the vector spaces that the nodes p(1—p) L1
in A span, i.e.,VkA = {Uj V], je A} then forp = 1, det(A;) # 0 over F, for p = 0, det(As) # 0
To show that Algorithm 1 allows to achieve the optimapver 72, and forp = 2, both det(A;) # 0 anddet(Az) # 0

performance when broadcasting, we need to show that themer Fs.

exists a coding scheme (linear combinations that nodes di@of of Theorem 1

transmit) such that each broadcast transmission bringsiaan We will prove this theorem using induction.

tive information to four receivers. This implies that Alggom e Fork = 0, mo = 1, since every node has one source symbol.

1 operates irk = 1...[%] iterations as follows. At iteration ® For k =1, m; = 5. Indeed, at the end of the first iteration

k, each node each node has received the information symbols from his four
{fpearest neighbors. Selecting adynodes, we will have the
information from theA nodes themselves, and moreover from
2) Receives four vectors, from his four closest neighbor@!! their closest neighbors, which, from Lemma 1, will ambun
and increases the size of his vector space by four. O @union vector space of size at leas{+|A| —1 = [A[ +4.
. . . . e Assume that the condition holds fér= [ —1. It is sufficient
Before the iterations begin, each node has its own source

symbol, and thusny, = 1. Thus equivalently, it is sufficient to°show that it holds fof: = L.
y 0o — 1. y H A >
to show that for each nodeat the end of iteratiork Consider a setl. We want to show thafV%| > my_y +

4+ |A| — 1 = my + |A| — 1. From induction we know that
mr = mi_1 +4 = 4k + 1. (4) Vi = me + A =1L VA | >mp 1 +4+[A] -1

_ _ we are done. The only interesting cases are whéh | =
To prove that there exists a coding scheme such that Eq. {4) | +; + |A|—1,7=0...3. We will prove here the case

holds, it is sufficient to prove that Fhe following theorenids ‘where|VA || = mi_; + |A| — 1. For the other three cases the
Theorem 1. There exists a coding scheme to be used W"}E}guments are very similar.

Algorithm 1 such that at iteratioh, Let B be the set that includes! and all the nearest

IVA| > min{my, + |A] — 1,n} ) neighbors ofA. From Lemma 1 we k_now thaB contains at
least four nodes that do not belong iy say {b1, b2, b3, b4 }.

for any set A of nodes in the grid, whergy, = 4k + 1, We want to show that when the nodes {i,bs, b3, b4}

mg = 1. transmit during iteratiork, they increase the rank of the sét

Eq. (5) for A = {i} gives that|V}!| > m;, = 4k + 1. But node by four. (And in fact, of every other set they are neighbors).

1 at iterationk has received onlyk broadcast transmissions,But this holds by the following argument. From assumption,

1) Transmits a vector from the vector space spanned by
coding vectors the node received at iterations. k£ —1.

4
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VAT > myy + |A], for j € {by, by, bs, by}

VAT >y ) 4 |A] 41, for j,1 € {by, ba, bs, bs}
(WVEATE2H >y ) Al 42, for 1,2 € {by, by, bs, bs}
VA bt > g 4 14| 4 3.

Thus, nodesh;, by, bz and by have vectorsv; vy, v3 and
vs respectively such that; ¢ VA, j = 1...4, and the
vector space spanned by them has dimension four,|i.€.,

the network, and adapts to possible changes of the network
topology. The algorithm can be described as follows.
Algorithm 2:

« We associate with each nodén the graph a “forwarding
factor” d,.

o Node v transmits its source symbomax{l, |d,]|}
times, and an additional time with probability
p=d, —max{l, |d,]|} if p>0.

« When a node receives an innovative symbol, it broad-
casts a linear combination over the span of the received
coding vectors|d, | times, and an additional time with
probability p = d,, — |d,] if p > 0.

The optimum value ofl, depends on the number of disjoint
paths from the information sources to all other nodes and
can only be calculated with perfect knowledge of the network
topology. Since we are interested in simple distributed-alg
rithms, we assume that a node can acquire knowledge about
the direct neighborhood as well as the two-hop neighborhood
while further information is too costly to gather. We will
therefore investigate the performance of two simple h&asis
to adjustd,.

Let N(v) be the set of direct neighbors of nodand letk
be a forwarding factor to be used when a node only has one
single neighbor. We scalé, as follows:

v1,v2,v3,04 > | = 4. Then, from Lemma 2, there exist linear « Algorithm 2A: Setv’s forwarding factor inversely propor-

combinations that nodek; can transmit at iteratiok such
that the vector space of (and in fact any sefd neighboring
them) increases in size by four.

To conclude, we have proved that there exists a coding

tional to the number of 1-hop neighbors

ok
IN()

dy

scheme such that the simple distributed scheduling of Al-« Algorithm 2B: Set the forwarding factor inversely propor-

gorithm 1 achieves the optimal theoretically performarioe.

tional to the minimum of the number of 1-hop neighbors

practice we will use randomized coding over a large enough of v's 1-hop neighbors

field [17], to approximate this optimal performance.

B. Application to Random Networks

k

dy, = — .
miny e () [N (0')]

In this section we extend Algorithm 1 to work over random We expect the second scheme to outperform the first.

topologies, where the number of neighbdfév) of a nodev is

Intuitively, if a nodev has multiple neighbors but one of the

not constant. Moreover, the network is not perfectly synmimet neighborsy” has only node as a neighbor, needs to forward
and we cannot assume perfect synchronization among nodabavailable information ta’, no matter how many neighbors
To account for these factor, the authors in [13] proposeditself has.

a network coding protocol in analogy to probabilistic rogti

The performance of Algorithm 2B depends on the value

algorithms that forwards packets with a certain probahilitof k. In essencek is a cumulative forwarding factor shared

according to a forwarding factat > 0 [6], [7]. The forward-
ing factor should intuitively be inversely proportional tioe

between all nodes within a given radio range. It corresponds
the number of packets that are transmitiéthin this coverage

density of a node’s neighborhood. In [13] the forwardingdac area as a response to the reception of an innovative packet,
reflected the average node density of the network. Figureir@glependent of the node density.

shows which forwarding factor is required to achieve a 90% To determinek, we need to compute the probability that a
PDR with probabilistic routing and with network coding. Weransmitted packet is innovative. In [4], the authors apalthe

observe that the overhead of probabilistic routing is hidhe

probability that the broadcast of a given message is innevat

a factor of 2-3, except for the case where the node densfity at least one neighbor when this message has already been
is so low that a number of nodes have only one or very feswerheard a certain number of times, for the case of flooding.
neighbors. In this case, network coding as well as prolsigili This probability quickly drops to O for more than ca. 6-8

routing need to usd = 1.

overheard broadcasts of the same message. Therkfsmneuld

In this paper we extend this work by proposing to use lze set such that the number of broadcasts in an area is close
dynamic forwarding factor, that is different for each node ofto this value and independent of the network density.



TABLE |
NUMERICAL VALUES OF Q} | (PROBABILITY OF BEING COVERED BY
FEWER THAN g OUT OF kg DISKS).

transmissions, while it drops to 0 much more rapidly with
network coding. The slope of the curve depends on the
number of information vectorg. In the network scenarios
we are interested iny is on the order of tens to hundreds of

g= 1 2 4 g — 00

E—=1] 0413 0636 0.835 1 information vectors. To achieve a reasonably small prdipabi
k=21 0191  0.232 0.261 0.347 of not being able to decode below 1%, we have to set
k=3 | 0094 00838 0.0635 0 k ~ 3 for network coding andk > 6 for flooding. (Note
k=4 | 0.0480 0.0304  0.0136 0 o - L

E=%5 00252 00111  0.00270 0 that this is the probability that’ is not able to decode only
k=6 | 0.0135 0.00407 0.000505 0 using transmissions from nodes M(v). It might still receive

packets via some other neighbors, resulting in a lower dvera

Probabilistic Routing (=) —— PDR.) Interestingly, fork 2.3, the 'prlobability of ngt l:.)e?ng
- . NE%E gggmg, 825 S ab!e to dec_c_>de tends to O in the limit for largewhile it is
3 _Network Coding, g=64 - strictly positive for smaller.
3 01 The performance of Algorithms 2A and 2B in random net-
% works coincides well with the above analysis. As expecteel, t
3 001 | actual forwarding factors that are necessary are slighthet
g ’ than indicated by the worst case analysis. In Figure 5, nétwo
z AN coding achieves a PDR close to 100% for> 2 (except for
0oL | very low node densities where the network is only partially
N B ‘ connected). Probabilistic forwarding requirés > 6 for a
0 2 4 6 8 10 similar performance and thus incurs a per packet overhead
Number of transmissions per innovative packet (k) that is larger by a factor of 3. The performance for léw

Fig. 4. Probability that a node is not able to decode afigtransmissions increases dramatically with Algorithm 2B, where the 2-hop
for different numbers of information vectors (i.e., sizes of the decoding neighborhood is taken into account (Figure 6). For network
maices). coding, the PDR withk = 1 increases roughly tenfold, and

A similar analysis is possible for network coding. As dor k slightly smaller than 1 (e.g. 1.2, not shown in the graph),
rough approximation, let us assume that a nedand all network coding achieves a PDR 100%. Probabilistic routing
but one of its neighbors have ajl information vectors, and benefits as well, however not to the same degree as network
one neighbon’ has no information. We are interested in theoding. For PDRs close to 100%, it still requirks> 6.
probability that after overhearingg transmissions, a packet In all of the graphs we can observe a slight decrease in
from v will be innovative forv’. In other wordsp’ must have PDR for higher node densities. This is due to the fact that
received fewer thag innovative packets from the other nodesve simply distribute the cumulative forwarding factor owdir
and is not yet able to decode. nodes within range by dividing by the number of neighbors.

We compute this probability as follows. Léd, be a disk However, not all nodes necessarily have information to con-
of radius1 (we can take all transmission ranges equal to ttibute. The higher the number of neighbors and therefcge th
since the probability we are interested in is independethef more aggressive the scaling down of the forwarding facher, t
distance unit chosen). Lgt= kg, and Dy, ..., D; be j disks, more this effect comes into play. In future work we plan to do
also of radiusl, with centers inD,, drawn independently and a mathematical analysis of this effect and incorporateti in
uniformly in Dy. DefineQ? as the probability that a randomthe scaling of the forwarding factor.
point M in Dy is covered by fewer than of the j disks. Our
upper bound is the probabilitgzg. We show in appendix how
to compute this in closed form. The results are illustrated i In the canonical configurations we have examined up to
Table I11-B. For fixedg and largek, we have the approximation now we have assumed that each node broadcasts information

IV. IMPACT OF TRANSMISSIONRANGE

1.72029 to its closest neighbors, i.e., to two neighbors in the case
by~ .\/_k: e 0-321021gk (7) of the circular network, and four neighbors in the case of
g the square grid network. Similarly, in the case of random

networks, we assumed that the transmission range is @hativ
small compared to the size of the network. In this section
we investigate how this assumption affects our results. In
articular, we assume that all nodes transmit at an idéntica
ange p (using omni-directional antennas) but thatmight

2In real scenarios, it is extremely unlikely that overhears none of the allow to _reaCh mor? than the closest nglghbors.
packets that its neighbors received previously to obtagir tmformation. In a wireless environment, the transmitted povfgrdecays
Furthermorep’ may obtain the missing information through a neighbor thajith distance a<Z due to path loss, where typical values are
is not withinv’s transmission range. Also this case is not part of the aisalys P . !

~ > 2. Thus, if a receiver at a distange can successfully

Therefore, the analysis below is a worst case estimate thas gin upper ) -
bound on the probability af’ not being able to decode aftky transmissions. receive a signal that has power above a thresiiyldhen the

The probability of node’s transmission being innovative is
depicted in Figure 4 for the case of probabilistic routigg<
1) and network coding¢ > 1). With probabilistic routing,
this probability decreases exponentially with the numbter
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transmitted powerP’r must increase proportionally t6,p7. In the case of forwarding, if each broadcast transmission
Increasing the range of transmission increaggs On the reachek neighbors, we need in total power

other hand, increasing the transmission range allows tchrea
more receivers during each transmission. In the following,
quantify this tradeoff.

n—1—2]€) PQ
k sin7(k6)

Py =(1+

A. Circular Network We conclude that in both cases we lose in terms of transmit
In a circular network, to reach the two closest neighborppwer when increasing the transmission range, but thevelat

a node needs to transmit at a radius2efn(2r) = 2sin(d). ratio %fk remains equal td, at least fork much smaller than

Generally to reach thek nearest neighbors, < k < Z,a . 2k

node needs to transmit at a radius2efn(27%) = 2sin (k).

In the case of network coding, if each broadcast transnmissio )

reaches B. Square Grid

« the two closest neighbors, we will need total power The square grid can be thought asimensional latticez?2

n—1 P, (enveloping the surface of a torus) that contains all thetgoi
2 sin?(4)’ of the formv = xe; + yea, Wherex andy are integers and;
are the vectors of the orthonormal basis= [1 0], ez = [0 1].
If we draw a circle inR? with radiusk around the poini it

Py =

« the 2k closest neighbors, we will need total power

P, =" 1 B will contain all points(z,y) satisfying
o 2k sin”(k6)"
Thus, (x—v1)*+ (y —v2)* < k%
: 0% | o*
B _ . sin() ) = k-5t H—.. Thus, if we broadcast at a constant radjus= k € Zthe
Poy, sin(k6) kv — (kgﬁ + “’?4 _— number of neighbors we can reach equals

and for largen (small ) we get that vk
P

P - Ne= 3 @IV 2]+ 1) - 1. ©)

Py y=—k



If we compare the number of transmissions that we need withThe transmission range might also have an effect on delay.

and without network coding, we get that In the right graph of Figure 7 we see that there is a slight

—h . decrease in average (decoding) delay for flooding as well

y=k—1 2 _ .2 P AY) . . ;

Tne _ l_zyzo lmin{ /A =y, /K — (y —k)?}] + 1 as for network coding, when the transmit range increases.

Ty Zij(QL\/k:? -y +1)-1 This is the result of two factors: increasing the transmissi
range implies that more nodes can be reached by a single

transmission. On the other hand, scheduling becomes more

Values of this ratio are included in Table II.

TABLE |I challenging, as the number of non-overlapping circles ¢aat
CONVERGENCE OF RAnoTﬁ. be simultaneously packed (i.e., transmissions during dinees
timeslot) is reduced.
E 1 2 10 50
Tee 1707500 | 0.6667 | 0.6013 | 0.6089 V. IMPACT OF MOBILITY

In this section, we investigate what is the expected efféct o

) . mobility on the energy efficiency.
In the case of network coding, if each broadcast transmis-

sion reaches A. Theoretical Analysis
« the four closest neighbors, we will need total power Consider the circular network in Fig. 1, where each broad-
n_1 cast transmission can bring new information to at most two
P = Py. receivers. We saw that, when forwarding, each broadcast
) 4_ transmission can bring new information to one new receiver,
« the k closest neighbors, we will need total power i.e., we cannot avoid having some overlap. We expect that
n—1P, if nodes are mobile, then as nodes move and their neighbors
P = Ny k7 change, the amount of overlap will be reduced.
Thus I\/I_obi_lity Model: We inide time into iterations. At the
’ P, N, beginning of each iteration, we assume that nodes exchange
P TE (10) positions on the circumference of the circle according to a
' uniform random permutation. That is, there exitequidistant
If v > 2 and using Eq. (9) we can see that < 1. positions for nodes on the circle. Nodeafter each permu-

We conclude that fory = 2 increasing the transmissiontation will go at any of the possible positions with uniform
range does not affect the energy efficiency. For- 2 the  pronapility, and independently of what positions it hastets
optimal strategy in terms of power efficiency is to transmih the past.
to the closest neighbor. Moreover, as the transmissionerang The transmission policy is that during each iteration each
increases, the benefits network coding offers also increasgode transmits once. We also assume that nodes do not
and converge to approR.609. This number is to the area thatknow the information that their neighbors already have.sThu
two circles of the same radius and centers at distance eguajithout loss of generality, we can assume that during each
the radius, intersect. iteration, and at each (possibly new) position, neceEways
C. Random Network broadcasts;. _ _ _ ,

We know that with network coding, to transmit the in-

In Figure 7 we show simulation results for a random nefy mation from all sources to all receivers, it is sufficient
work with 144 nodes and a fixed area of 1500m1500m. FOr . have each node transmie=1 ] times (in the following
H 2

each transmission range, we choose the smallest cumulagiye , it for simplicity the ceiling operation). We here try to
forwarding factork for Algorithm 2B that results in an overall investigate how mobility helps in the case of forwarding. In
PDR of more than 99%. As can be seen from the left grapf, ic jar we will answer the following question. We coresid

with network coding higher transmission ranges even a"%’ circular network with the described mobility pattern and

to decrease the total energy expenditure (assuming a pajnere nodes employ forwarding. We assume that we allow
loss exponent ofy = 2). Recall that Algorithm 2B is only @ , t5tal of ;n > 2=! transmissions to each node. We are
heuristic and requires to be somewhat larger than the optima} ;o ested in the 2

S . . . average number of receivers we expect each
value. The intuition behind this result is that, the largee t . . o4
transmit range, the more “regular” the network becomes iﬁWithout loss of generality consider node = 1. We

terms c,)f number of neighbors, and the clokeran be set 0 5 think of the random permutation as selecting at each
the optimal value. Note that nodes can trade off the number;of, tion two neighbors from the s€®,3,...n}. Thus, we

transmissions for transmit power, which in turn might allov,, equivalently think of our problem as a “balls in bins”

for simpler MAC layer schedules. _ problem. It is easy to see that the probability ngdis not a
_ In contras_t, for flooding _the overall_ energy C_O”S”mpt'oﬂeighbor of nodel during a given iteration is
increases with the transmit range, since flooding does not

.. . n—2
allow to reduce the number of transmissions as aggressively 1— ( 1 ) —1_ 2 (12)

as network coding for an increased number of neighbors. (";1) N n—1
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Thus, the probability that; is not received by nodé after number of received innovative packets evolves over time. As

m iterations equals predicted, this number initially increases much quicker fo
D) . both protocols when there is mobility. In contrast, towattues
(1— )" me T (12) end of the simulation the rate of increase in a mobile network

falls below that of a static network. For network coding with
From symmetry, we get that the expected number of nodegpility, the last innovative packet is delivered at time9g3

2m

that have not received, equals(n — 1)e™ == while it only takes 821 time steps in a static network. The

Note that even form >> n, we can see that there iscqrresponding numbers for probabilistic routing are 1566 a
always a non-zero probability that not all nodes will reeeivi47g respectively.

a certain symbol. At a first look this might seem surprising,
as, when there is no mobility; broadcast transmissions are

10000

sufficient to bring symbat; to all receivers using forwarding. g 9000 |
This “discrepancy” is due to the assumption thadles do not £ s000!
know what information their neighbors have. This point is not & 7000t
crucial in the case of a static network, but makes a significan £ 6000 |
difference in the case of a mobile network. S 5000 |

In this argument we also assumed that during mobility nodes £ 4000 |

: o o b=

can only go in specific pos!tlons, and thus the number of g 3000 [ Network Coding (mobile)
neighbors of each node remains constant (equal to two) bt eac g 2000 /7 Network Coding (static) - 7
iteration. We next argue that this assumption is not reiteic © 1000 )/ s e S—

Assume that each node can successfully broadcast over a 0 0 200 400 800 800 1000 1200 1400 1600
range of22%” on the circumference of a circle with radius Simulation Time

Also assume that at each iteration, nodes are placed urjform o _ _ L

d th . f f th ircle. C id Fig. 8. Total number of received innovative packets over tiargfobabilistic
at ranaom on - € circum erence_ 0 e C”‘(? e. 0n§| er no ting and network coding for a static network and for a m®kbiétwork
1. The probability that, at a particular iteration, noflés not

placed within the broadcast radius of nodle(i.e., nodej

cannot receiver;) equals VI. PRACTICAL CONSIDERATIONS
92mr ) A. Generation Management
2mr N Up to now we have assumed that each node is a source

which coincides with Eq. (11). In other words, what changdbat has a single symbol to transmit, and that nodes are able
in this case, is that the number of neighbors of a node is rigt decode as soon as they recewelinearly independent
exactly two, but on the average two. In the case of the squ&@mbinations. Thus, all sources are decoded together at the

grid the same arguments apply, end of the transmission.
) In practice, the node memory and processing capabilities
B. Simulations over a Random Network might be limited and therefore it might not be possible to

We analyze the impact of mobility through simulation usingombine all existing information symbals in a single matrix.
the random waypoint mobility model with a minimum speeiloreover, in a random environment, there are perhaps bgnefit
of 2 m/s and a maximum speed of 10 m/s. We use netwark combining symbols not only across space, but @gwss
coding with k& = 3 and probabilistic routing witht = 6 to time, as is usually done in the network coding literature.
achieve PDR’s close to 100%. Figure 8 shows how the tofabllowing the terminology in [14], it was shown in [13] that



Algorithm 2 can be easily extended to operate over genetascal Generations

tions. We define a generation as a collection of packets thaiyjith |ocal generations, nodes that may insert packets into a
we allow to be linearly combined. For example, we can thinfeneration are limited to tha-hop neighborhood of the node
of our results up to now in the paper, as having generatigfhere the generation originated. Thus, we avoid having many
that contains a single symbol from each source. In the othgges in different parts of the network insert packets into a
extreme, a generation might contain packets originatiogfr generation at the same time.

a single source over time, i.e., we do not allow packets from p generation is created by a certain nadérhe distance to
differgnt sources to combine. In generql, each generatibn_whis node determines generation membership. A hop cbunt
contain a subset of packets, of a size that is determingthssociated with the local decoding matrix for this getiena

by the memory and processing capabilities of the netwogfy is initialized to zero. Vectors created from this malriwe
nodes. In [18] the authors investigated and compared throug hop count of,, +1. The hop count of the matrix at any node
simulation results several generation management methogs.; ,, is the minimum of the vectors’ hop counts received for
Our contribution in this paper is that we propose and evalughs generation, which corresponds to the minimum number of

distributed schemes to manage generations. hops to reach the originator. The hop count can be transporte
o in the packet header together with the encoding vector.
Generation Sze Threshold As before, a node determines if it is possible to include its

Without central control in the network, nodes have to mafformation vector in an existing generation before steyta
age generations based only on the information they alred@§w generation. For this, it checks if it has a matrix with a
have. A node is responsible for choosing the right genaratifop counti, < A and with a current size smaller than the
for each packet that originates at this node. To this end, thgesholdt. If no such matrix exists, the node starts a new
node checks which of the generations it knows of that hagéneration. Nodes that are at a distance greater thhaps
a size that does not exceed a certain thresholtom these, might still form linear combinations (network code) packet
it randomly picks one generation and inserts the packet iff@m that generation but will not insert new packets into the
the corresponding matrix. If no such generation exists, t§@neration. The impact of local generations on the average
node creates a new generation with a random generation generation size is shown in the right graph of Figure 9.
and inserts the packét]’he space of generation IDs has to In addition to the stricter limit on generation size, local
be large enough so that the probability of having generatiogienerations also provide a slight improvement in PDR foy ver
with the same ID created by different nodes is relatively lsmasmall generation size as shown in Figure 10. Local generstio
(Note that does not prevent decoding of the two generatioPgcome more important when packet loss and communication
but merely “merges” them, leading to a larger generatioe. iz Patterns make communication with far away nodes in the
The actual size of generations merely depends on tRgtwork difficult or unlikely.
thresholdt but is not limited by it. Several distant nodes may

decide to insert packets into the same generation at the same 1 w w w
time. Thereforet needs to be adapted based on the average 09 r xgmf oot o B R0
size of the matrices at a given node (and can be different 08 ¢ X
for each node). Equivalently, can be adapted based on the 071 x
available memory at a node. The higher the probability of e 087
nodes inserting many new packets at the same time and the £ g'i
lower the node memory, the lowémeeds to be. 0:3 I
To analyze this effect, we perform simulations on an area 02l
of 2000m x 2000m and with different numbers of nodes to 01l Local Generations ~ x
obtain the different node densities. We use Algorithm 2Bhwit 0 Generatjon Threshold &

0 5 10 15 20

k = 3. The left graph of Figure 9 shows the actual average size
Average Matrix Size

of generations at the nodes for different generation thuiesh
t. Particularly for small generations, the actual size edseeFig. 10. PDR vs. average generation size with a generatim threshold
¢ by a factor of 2-3. The ratio betweenand the actual size 2"d With local generations

of the generations is relatively independent of the network

density. Only when the gene_ration size is close to the num@r Reducing Decoding Complexity

of nodes and the network is very dense, many generatlons’,)\S discussed in Section I, to decode a *

. . . generation” of size
may be .created at the. same t'|me, which t_hen conta'lin fewg(ajri.e.,g linearly independent equations, we need complexity
information vectors. This explains the drop in generatize s

o, O(g?), as we need to perform Gaussian elimination over the
for larger node densities. . ; . .
g x g matrix of the received coding vectors. If at each interme-
3 : . . _ diate node we perform uniform at random combinations over
To avoid creating too many generations when many packetsnatggiat F th h It . il b d . ith
different nodes at the same time, on can additionally imposedora delay ¢» then the resulting mff’mlx wi € a random matrix wit
a node has to wait before being allowed to create a new géorerat each element chosen uniformly at random a#gr

10
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Fig. 9. Average generation size for different generatiare ghresholdt and for different node densities (left graph) and with ani@aithl hop count
limitation (right graph)

In [19] it was observed that instead of choosing coding Reducing the Matrix Density: We use the following al-
vectors uniformly overF,, in many cases we get comparablgorithm to generate vectors with a limited number of non-
performance by performing sparse linear combinationsy oveero entries. As long as the number of non-zero coefficients
a small field. This work was motivated by the observatiois lower than a thresholg, a row is randomly picked from
[20] that a sparse random matrix of sizex g(1 + ¢) the decoding matrix, multiplied by a random coefficient, and
with limgﬂoog =0, has with high probability full rank. In added to the vector to be sent out. We use a simulation
particular, this is true if we choose each element of the imatisetting similar to that of the previous paragraph. Settirg 1
independently to be one with probability = log(9) " and corresponds to sending out the information of a single row of
zero otherwise. Moreover, such a matrix requitkg?log(g)) the decoding matrix which is non-innovative for neighbgrin
operations to be decoded. If each node in the graph perforngges with a high probability (in fact, performance degsade
“sparse” linear combinations, we can express the resultitythat of probabilistic routing). As soon gs~ log(g), there
matrix that a receiver needs to decode as a product of spdsstitle difference in performance compared to an unretd
matrices which we can solve sequentially. Here we examigeneration of vectorsy(= 100).
the effect of reducing the alphabet size and of forming “spar
linear combinations through simulation results.

Reducing the Alphabet Sze: From simulations with 100
nodes, a generation size of 100, and on average 12 neighbors
per node, we see that a relatively small alphabet size is
sufficient to achieve good network coding performance. Only

@
the field of size two, which is much smaller than the average g
number of neighbors, provides an insufficient number of
linearly independent combinations per neighborhood. adye
an alphabet size df? comes close to the performance of an
alphabet size of® which is what we used in all of the previous 0 ‘ ‘ 9
simulations. 1 125 15 2 3

Cumulative Forwarding Factor (k)
e | Fig. 12. Impact of reducing the matrix density on PDR

F(272) ¢

VIl. CONCLUSIONS

In this paper we characterized the minimum amount of
04l | energy required to transmit one unit of information from
WL a source to all receivers for canonical configurations, and
0.2 ] developed distributed algorithms that allow to approaadh th
optimal performance in practice. The emphasis of the paper
was in tradeoffs and design choices that arise in practical
systems, such distributed generation management, effect o
transmission range and mobility. Our work indicates thateh

Fig. 11. Impact of reducing the alphabet size on PDR is a potential for significant benefits, when deploying netwo
coding over a practical wireless ad hoc network environment

PDR

1 125 15 2 3
Cumulative Forwarding Factor (k)
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Let D, be a diskof radiug. Let j = kg, and Dy, ..., D; be qg 4004397\/37136338()71'72;(1)2287\1—/53# +304007%4-2400+/37

j disks, also of radiug, with centers inD,, drawn indepen-
dently and uniformly inDy. DefineQ? as the probability that
a random pointM in Dg is covered by less than of the j
disks. We are interested i9] . We have:

g—1
Q=>4
=0

with q;i equal to the probability that a random point i, is
covered by exactly of the j disks. Further:

(14)

4 = /D P (m is covered by exactly of the j disks) d7m
’ (15)

12

We can also compute limits for largeor largek. We have
Qf = 2f01 B(kg,g,1 — p1(p))pdp where B(j,g,p) is the
(binomial) probability that a random experiment with suExe
proability p succeeds less thag times in j experiments.
For large k or g, we can approximateB(kg,g,p) by a
normal distribution, which gives(x) is the probability that
a standard normal random variable is larger than

' 1—k(1 p1(p)
’“"2/0 (1_Q<fwf1—p1 ())pd”
Q| Vaky/5 o) L] e (21)
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p1(p)
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By inversion of the order of integration, one obtains

@zzf e % (1 — ¢(s)?)ds (23)
Vaky

L . B N
whereg(s) is implicitly defined byp; (¢(s)) = WiEweypm and
v=4 /171;(1) — 1 ~ 0.642042. This function increases fror

(for s = sop = /gkv) to 1 for s — oo; we approximate it
with the piecewise linear function given by the derivatite a
so and the asymptote which corresponds¢@) close tol.
One obtains the approximation— ¢(s)? ~ (s — so)ﬁ for

so <5< YIE 450 with

s 2 us
(\/§+ 2?) \/% <_1 + 3\/g+27r)
o= - ~ 2.15607

and otherwisel — ¢(s)? ~ 1. The resulting integral can be
computed and one finds

2a 1 1.72029 .
9~ —39ky _ —0.321021gk 24
kg \/27Tgk:e Vak ¢ (24)

With a similar analysis, for large, we have the following
limits, whenk is fixed:
o FOrk =1:limy_. Qg =1
o FOrk =2, lim, . Qgg =1— p? ~ 0.347224 wherep;
is the root in(0,1) of the equatiornp; (p1) = 1/2.
o FOrk>3:limg .o Q) =0

13





