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Motivation
Many important questions remain
unanswered: Under what conditions
is least-squares optimal, and for
what kind of data? How confident
are we in our estimates? Will we
be more confident with more data?
If yes, how much more data? Does
our ‘confidence’ converge with
increasing data size?
Another one: Given new data, how
to design a good cost function, e.g.
in the presence of outliers?
We will answer these questions by
assuming that our data is generated
from a probability distribution.
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Gaussian distribution and independence
Gaussian random variable with
mean µ and variance σ 2:
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Gaussian random vector with mean
µ and covariance Σ (p.s.d. matrix):
N (x|µ, Σ) = p

1
2π|Σ|
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T −1
exp − 2 (x − µ) Σ (x − µ)

Two random variables x and y are
called independent when p(x, y) =
p(x)p(y)

A probabilistic model for least-squares
We assume that our mistakes n are
Gaussian with mean 0 and variance
σ 2 and are mutually independent.
eTn β + n
yn = x
Another way of expressing this:
e β) =
p(y|X,

N
Y

p(yn|e
xn, β) =

n=1

N
Y

N (yn|e
xTn β, σ 2)

n=1

This defines the likelihood of observe and β.
ing y given X
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Defining cost with log-likelihood
The log-likelihood is simply the log
of the likelihood.
e β)
Llik (β) := log p(y|X,
Compare this to MSE.
N

1 X
eTn β)2 + cnst
Llik (β) = − 2
(yn − x
2σ n=1
N
1 X
eTn β)2
Lmse(β) =
(yn − x
2N n=1

Maximum likelihood estimator (MLE)
Obviously, we have the following:
arg min Lmse(β) = arg max Llik (β)
β

β

This gives us another way to design
cost functions.
MLE can also be interpreted as
finding the model under which the
observed data is most likely to have
been generated from (probabilistically).
There are many other advantages of
this interpretation.
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Properties of MLE
MLE is a sample approximation to
the expected log-likelihood.
Llik (β) ≈ Ep(y,x) [log p(y|x, β)]
MLE is consistent under some conditions (check Wikipedia).
β mle →p β true

in probability

MLE is asymptotically normal.
1
(β mle − β true) →d √ N (β mle|0, I−1(β true))
N
h 2 i
∂ L
where I(β) = −Ep(y) ∂β∂β
is the
T
Fisher information.
MLE is efficient, i.e. it achieves the
Cramor-Rao lower bound.
Covariance(β mle) = I−1(β true)

Another example
We can replace the Gaussian distribution by a Laplace distribution.
1 − 1 |yn−xe Tn β |
p(yn|e
xn, β) = e b
2b
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Additional Notes
To do
1. Understand the big picture: why is the probabilistic view useful?
2. Get familiar with the notation p(x|θ).
3. Revise Gaussian distribution (you must know the formula well).
See Bishop Chapter 2 or Wikipedia for details.
4. Clearly understand the relationship between MSE and log-likelihood
for least-squares.
5. Read the Wikipedia page for the definition of consistency and
efficiency of an estimator.
6. Derive the MAE cost function using the log-likelihood framework
with a Laplace distribution.
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